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1. Introduction and Main Results
Consider the ordinary p-Laplacian systems(∣∣u′(t)∣∣p−2u′(t))′ + ∇ F (t,u(t))= 0, a.e. t ∈ R, (1)
where p > 1 and F :R×Rn →R is T -periodic (T > 0) in its ﬁrst variable for all x ∈Rn .
In this paper, we always assume
(H0) F (t, x) is measurable in t for each x ∈ Rn and continuously differentiable in x for a.e. t ∈ [0, T ], and there exist a ∈
C(R+,R+), b ∈ L1(0, T ;R+) such that∣∣F (t, x)∣∣+ ∣∣∇ F (t, x)∣∣ a(|x|)b(t)
for all x ∈ Rn and a.e. t ∈ [0, T ].
When p = 2, (1) reduces to the following second-order Hamiltonian systems
u′′(t) + ∇ F (t,u(t))= 0, a.e. t ∈ R. (2)
Recall that the system (2) is called to be subquadratic if
lim|x|→∞
F (t, x)
|x|2 = 0, (3)
is called to be superquadratic if
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F (t, x)
|x|2 = +∞ (4)
and asymptotic quadratic if
0 < lim inf|x|→∞
F (t, x)
|x|2  lim inf|x|→∞
F (t, x)
|x|2 < +∞. (5)
To obtain the existence of periodic solutions of (2), P. Rabinowitz [8,9] proposed the following subquadratic condition:
there exist μ ∈ (0,2) and L > 0 such that
0 <
(∇ F (t, x), x)μF (t, x), ∀|x| L and a.e. t ∈ [0, T ], (6)
or the superquadratic condition: there exist μ > 2 and L > 0 such that
0 < μF (t, x)
(∇ F (t, x), x), ∀|x| L and a.e. t ∈ [0, T ], (7)
which are stronger than (3) and (4), respectively, and known as Ambrosetti–Rabinowitz conditions.
Following P. Rabinowitz [8], many authors have devoted to the investigation concerning the existence of periodic and
harmonic solutions of (1) and (2) under the Ambrosetti–Rabinowitz conditions, see [12,14] and references therein.
In recent years, many authors have paid much attention to weaken the Ambrosetti–Rabinowitz condition and some
existence results on periodic and subharmonic solutions of system (2) have been obtained under weaker conditions (see
[3,4,11,13]).
In [3], G. Fei studied the existence of periodic solutions of (2) under superquadratic condition and obtained the following
result:
Theorem A. Assume that F satisﬁes (H0) and the following conditions:
(V1) F (t, x) 0, ∀(t, x) ∈ [0, T ] ×Rn;
(V2) lim|x|→0 F (t,x)|x|2 = 0, lim|x|→∞ F (t,x)|x|2 = +∞ uniformly for a.e. t ∈ [0, T ];
(V3) limsup|x|→∞ F (t,x)|x|r  M < +∞ uniformly for some M > 0 and a.e. t ∈ [0, T ];
(V4) lim inf|x|→∞ (∇ F (t,x),x)−2F (t,x)|x|μ   > 0 uniformly for some  > 0 and a.e. t ∈ [0, T ],
where r > 2 and μ r − 1. Then problem (2) has at least one non-trivial T -periodic solution.
Tao and Tang [13] generalized G. Fei’s result and obtained same conclusion under (H0), (V1), (V3) and (V4) with r > 2
and μ > r − 2, and the following condition:
(V2′) limsup|x|→0 F (t,x)|x|2 
2π2
T 2
(1 − ν) < 2π2
T 2
< 2π
2
T 2
(1 + ν)  lim inf|x|→∞ F (t,x)|x|2 uniformly for some ν ∈ (0,1) and a.e. t ∈
[0, T ].
Furthermore, in [13], the authors also obtained the following multiplicity result:
Theorem B. Assume that F satisﬁes (H0), (V1), (V3) and (V4) with r > 2 and μ > r − 2, and the following condition:
(V2′′) lim|x|→0 F (t,x)|x|2 = 0, 2π
2
T 2
< lim inf|x|→∞ F (t,x)|x|2 , uniformly for a.e. t ∈ [0, T ].
Then problem (2) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞.
In the subquadratic case, some existence results concerning the second-order Hamiltonian system (2) have been general-
ized to the p-Laplacian systems (1) and some second-order differential inclusion systems with p-Laplacian [6,14]. However,
in the superquadratic and asymptotic quadratic cases, to the best of our knowledge, similar generalization cannot be found
in the literature.
In the present paper, we study the existence of periodic solutions of p-Laplacian system (1) under the following condi-
tion:
lim inf|x|→+∞
F (t, x)
|x|p > 0, uniformly for a.e. t ∈ [0, T ]. (8)
We can generalize Theorem B to the p-Laplacian system (1) and obtain the following result:
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(H1) F (t, x) 0, ∀(t, x) ∈ [0, T ] ×Rn;
(H2) lim|x|→0 F (t,x)|x|p = 0 < lim inf|x|→∞ F (t,x)|x|p uniformly for a.e. t ∈ [0, T ];
(H3) limsup|x|→∞ F (t,x)|x|r  M < +∞ uniformly for some M > 0 and a.e. t ∈ [0, T ];
(H4) lim inf|x|→∞ (∇ F (t,x),x)−pF (t,x)|x|μ   > 0 uniformly for some  > 0 and a.e. t ∈ [0, T ],
where r > p and μ > r − p. Then problem (1) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and
k j → ∞ as j → ∞.
It turns out that Theorem 1 is an improvement of Theorem B even in the case p = 2 (compare the condition (H2)
with (V2′′)). Under the following restrictive condition
(H3′) limsup|x|→+∞ F (t,x)|x|p  M < +∞ uniformly for some M > 0 and a.e. t ∈ [0, T ],
we can further relax the condition (H4) in Theorem 1 and get the following results:
Theorem 2. Assume that F satisﬁes (H0), (H1), (H2), (H3′) and the following conditions:
(H5) there exists γ ∈ L1(0, T ;R+) such that (∇ F (t, x), x) − pF (t, x) γ (t) for all x ∈Rn and a.e. t ∈ [0, T ];
(H6) lim|x|→∞[(∇ F (t, x), x) − pF (t, x)] = +∞ for a.e. t ∈ [0, T ].
Then problem (1) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞.
Theorem 3. Assume that F satisﬁes (H0), (H1), (H2), (H3′) and the following conditions:
(H5′) there exists γ ∈ L1(0, T ;R+) such that (∇ F (t, x), x) − pF (t, x) γ (t) for all x ∈ Rn and a.e. t ∈ [0, T ];
(H6′) lim|x|→∞[(∇ F (t, x), x) − pF (t, x)] = −∞ for a.e. t ∈ [0, T ].
Then problem (1) has a sequence of distinct periodic solutions with period k j T satisfying k j ∈ N and k j → ∞ as j → ∞.
We should mention that a condition similar to (H6) and (H6′) has been used in [4] previously. In the case that p = 2,
we can obtain the existence of one non-trivial T -periodic solution:
Theorem 4. Assume that F satisﬁes (H0), (H1), (V2′), (H3′), (H5) and (H6) with p = 2. Then problem (2) has at least one non-trivial
T -periodic solution.
Theorem 5. Assume that F satisﬁes (H0), (H1), (V2′), (H3′), (H5′) and (H6′)with p = 2. Then problem (2) has at least one non-trivial
T -periodic solution.
Finally, we remark that an example will be given in the end of this paper. This example illustrates that our results
are new even in the case p = 2, and especially in the asymptotic quadratic case, Theorems 4 and 5 are improvement of
Theorem A and the corresponding generalization in [13].
2. Proof of Main Results
Let k be a positive integer and W 1,pkT be the Sobolev space deﬁned by
W 1,pkT =
{
u : [0,kT ] →Rn ∣∣ u is absolutely continuous, u(0) = u(T ), and u′ ∈ Lp(0,kT ;Rn)}
with the norm
‖u‖ =
( kT∫
0
∣∣u(t)∣∣p dt +
kT∫
0
∣∣u′(t)∣∣p dt
)1/p
.
For u ∈ W 1,pkT , let u¯ = 1kT
∫ kT
0 u(t)dt and u˜(t) = u(t) − u¯. Let W˜ 1,pkT = {u ∈ W 1,pkT | u¯ = 0}, then W 1,pkT = W˜ 1,pkT + Rn . By
Proposition 1.1 in [5], it follows that there is a constant ck > 0 such that
‖u˜‖∞ := max
∣∣u˜(t)∣∣ ck‖u‖ (9)t∈[0,kT ]
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kT∫
0
|u˜|p dt  ck
kT∫
0
|u′|p dt, (10)
for every u ∈ W 1,pkT . Hence
‖u‖p  (1+ ck)
kT∫
0
|u′|p dt, ∀u ∈ W˜ 1,pkT . (11)
By assumption (H0) and Theorem 1.4 in [5], the functional
ϕk(u) = 1p
kT∫
0
∣∣u′(t)∣∣p dt −
kT∫
0
F
(
t,u(t)
)
dt, u ∈ W 1,pkT ,
is continuously differentiable, and
〈
ϕ′k(u), v
〉=
kT∫
0
|u′|p−2(u′, v ′)dt −
kT∫
0
(∇ F (t,u), v)dt, u, v ∈ W 1,pkT .
It is well known that the kT -periodic solutions of problem (1) correspond to the critical points of the functional ϕk .
Recall that a sequence {un} ⊂ W 1,pkT is said to be a (C) sequence of ϕk if ϕk(un) is bounded and (1+ ‖un‖)‖ϕ′k(un)‖ → 0
as n → ∞. The functional ϕk satisﬁes condition (C) if every (C) sequence of ϕk has a convergent subsequence. This condition
is due to G. Cerami [2].
Lemma 1. Assume (H0), (H3) and (H4) hold, then the functional ϕk satisﬁes condition (C).
Proof. Suppose that {un} ⊂ W 1,pkT is a (C) sequence of ϕk , that is, ϕk(un) is bounded and (1+‖un‖)‖ϕ′k(un)‖ → 0 as n → ∞.
Then there exists a constant M0 > 0 such that∣∣ϕk(un)∣∣ M0, (1+ ‖un‖)∥∥ϕ′k(un)∥∥ M0
for all n ∈N. By (H3), there exist constants B1 > 0 and M1 > 0 such that
F (t, x) B1|x|r (12)
for all |x| M1 and a.e. t ∈ [0, T ].
It follows from (H0) that∣∣F (t, x)∣∣ max
s∈[0,M1]
a(s)b(t)
for all |x| M1 and a.e. t ∈ [0, T ]. Therefore, we obtain
F (t, x) B1|x|r + max
s∈[0,M1]
a(s)b(t)
for all x ∈Rn and a.e. t ∈ [0, T ].
By using Hölder inequality, we get
1
p
‖un‖p = ϕk(un) + 1p
kT∫
0
|un|p dt +
kT∫
0
F (t,un)dt
 M0 + 1
p
(kT )
r−p
r
( kT∫
0
|un|r dt
)p/r
+ k max
s∈[0,M1]
a(s)
T∫
0
b(t)dt + B1
kT∫
0
|un|r dt. (13)
On the other hand, by (H4), there exist η > 0 and M2 > 0 such that(∇ F (t, x), x)− pF (t, x) η|x|μ, ∀|x| M2 and a.e. t ∈ [0, t].
By (H0), we have∣∣(∇ F (t, x), x)− pF (t, x)∣∣ (p + M2) max a(s)b(t)s∈[0,M2]
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which implies that
(p + 1)M0  ϕk(un) −
〈
pϕ′k(un),un
〉
=
kT∫
0
[(∇ F (t,un),un)− pF (t,un)]dt
 η
kT∫
0
|un|μ dt − ηMμ2 kT − (p + M2) maxs∈[0,M ]a(s)
kT∫
0
b(t)dt.
Thus,
∫ kT
0 |un|μ dt is bounded.
If μ > r, then
kT∫
0
|un|r dt  (kT )
μ−r
μ
( kT∫
0
|un|μ dt
)r/μ
,
which combining (13) implies that ‖un‖ is bounded.
If μ r, then
kT∫
0
|un|r dt  ‖un‖r−μ∞
kT∫
0
|un|μ dt  cr−μk ‖un‖r−μ
kT∫
0
|un|μ dt.
Since μ > r − p (r − μ < p), it follows from (13) that ‖un‖ is bounded too. Thus ‖un‖ is bounded in W 1,pkT .
By the compactness of the embedding W 1,pkT ⊂ C([0,kT ],Rn), we can choose a subsequence {un j } of {un} such that
un j ⇀ u, weakly in W
1,p
kT ,
and
un j → u, strongly in C
([0,kT ],Rn).
Then we can use a same argument as used in [14] to show that ‖un j‖ → ‖u‖ as j → ∞. Finally, since W 1,pkT has the
Kadec–Klee property, we conclude that un j → u in W 1,pkT . The proof is complete. 
Lemma 2. Assume (H6), then for any ε > 0, there exists a subset Eε ⊂ [0, T ] with meas([0, T ] \ Eε) < ε such that
lim|x|→∞
[(∇ F (t, x), x)− pF (t, x)]= +∞
uniformly for t ∈ Eε .
Proof. The proof is similar to that of Lemma 2 in [10] and is omitted. 
Lemma 3. Assume (H0), (H3′), (H5) and (H6), then the functional ϕk satisﬁes condition (C).
Proof. Suppose that {un} ⊂ W 1,pkT is a (C) sequence of ϕk , that is, ϕk(un) is bounded and (1+‖un‖)‖ϕ′k(un)‖ → 0 as n → ∞.
Then we have
lim inf
n→∞
[〈
ϕ′k(un),un
〉− pϕk(un)]> −∞,
which implies that
limsup
n→∞
kT∫ [(∇ F (t,un),un)− pF (t,un)]dt < +∞. (14)
0
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that ‖un‖ → ∞ as n → ∞.
Put zn = un‖un‖ , we then have ‖zn‖ = 1. Going to a subsequence if necessary, we assume that zn ⇀ z weakly in W
1,p
kT ,
zn → z strongly in Lp(0,kT ;Rn) and C([0,kT ],Rn).
By (H3′) and the T -periodicity of F (t, x) in t , it follows that there exist constants B2 > 0 and M3 > 0 such that
F (t, x) B2|x|p, (15)
for all |x| M3 and a.e. t ∈ [0,kT ].
By assumption (H0), it follows that |F (t, x)|maxs∈[0,M3] a(s)b(t) for all |x| M3 and a.e. t ∈ [0, T ]. Therefore, we obtain
F (t, x) B2|x|p + max
s∈[0,M3]
a(s)b(t)
for all x ∈Rn and a.e. t ∈ [0, T ]. Therefore, we have
ϕk(un) = 1p
kT∫
0
∣∣u′n(t)∣∣p dt −
kT∫
0
F (t,un)dt 
1
p
‖un‖p − 1
p
kT∫
0
|un|p dt − B2
kT∫
0
|un|p dt − max
s∈[0,M3]
a(s)
kT∫
0
b(t)dt,
from which, it follows that
ϕk(un)
‖un‖p 
1
p
−
(
1
p
+ B2
)
‖zn‖pLp −
1
‖un‖p maxs∈[0,M3]a(s)
kT∫
0
b(t)dt.
Passing to the limit in the last inequality, we get
1
p
−
(
1
p
+ B2
)
‖z‖pLp  0
which yields z = 0. Therefore, there exists a subset E ⊂ [0,kT ] with meas(E) > 0 such that z(t) = 0 on E .
By virtue of Lemma 2, for ε = 12meas(E) > 0, we can choose a subset Eε ⊂ [0,kT ] with meas([0,kT ] \ Eε) < ε such that
lim|x|→∞
[(∇ F (t, x), x)− pF (t, x)]= +∞ (16)
uniformly for t ∈ Eε .
We assert that meas(E ∩ Eε) > 0. If not, meas(E ∩ Eε) = 0. Since E = (E ∩ Eε) ∪ (E \ Eε), it follows that
0 < meas(E) = meas(E ∩ Eε) +meas(E \ Eε)meas
([0,kT ] \ Eε)< ε = 1
2
meas(E),
which leads to a contradiction and establishes the assertion.
By (H5), we obtain
kT∫
0
[(∇ F (t,un),un)− pF (t,un)]dt =
∫
E∩Eε
[(∇ F (t,un),un)− pF (t,un)]dt +
∫
[0,kT ]\(E∩Eε)
[(∇ F (t,un),un)− pF (t,un)]dt

∫
E∩Eε
[(∇ F (t,un),un)− pF (t,un)]dt −
kT∫
0
∣∣γ (t)∣∣dt. (17)
By (16), (17) and Fatou’s lemma, it follows that
lim
n→∞
kT∫
0
[(∇ F (t,un),un)− pF (t,un)]dt = +∞,
which contradicts to (14). This contradiction shows that ‖un‖ is bounded in W 1,pkT and thus completes the proof. 
Now, we are in a position to prove our main results. We only give the proofs of Theorems 1 and 4, the other results can
be proved similarly.
Proof of Theorem 1. As shown in [1], a deformation lemma can be proved with the weaker condition (C) replacing the
usual Palais–Smale condition, and it turns out that the Generalized Mountain Pass Theorem 5.3 in [7] (see also [5]) holds
true under condition (C). Hence, by virtue of this theorem, we only need to show that
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(c2) supu∈Q ϕk(u) < +∞, supu∈∂Q ϕk(u) 0,
where S = W˜ 1,pkT ∩ ∂Bρ , Q = {x+ te | x ∈Rn ∩ Bd2 , t ∈ [0,d1]}, ρ < d1 and e ∈ W˜ 1,pkT .
By (H2), we can ﬁnd two small constants ε1 = ε1(k) ∈ (0, 1pck ) and δ1 = δ1(k) ∈ (0, ck) such that
F (t, x) ε1|x|p, ∀|x| δ1 and a.e. t ∈ [0,kT ].
For u ∈ W˜ 1,pkT with ‖u‖ 1ck δ1, we have ‖u‖∞  δ1, and hence
ϕk(u) = 1p
kT∫
0
|u′|p dt −
kT∫
0
F (t,u)dt
 1
p
kT∫
0
|u′|p dt − ε1
kT∫
0
|u|p dt

(
1
p
− ε1ck
) kT∫
0
|u′|p dt 
(
1
p
− ε1ck
)
(1+ ck)−1‖u‖p .
Let ρk ∈ (0, 1ck δ1) ⊂ (0,1) and Sk = W˜
1,p
kT ∩ ∂Bρk , then
inf
u∈Sk
ϕk(u)
(
1
p
− ε1ck
)
(1+ ck)−1ρ pk > 0.
This establishes (c1).
Next, we prove (c2). Let f (t) = lim inf|x|→∞ F (t,x)|x|2 , E0 = {t ∈ [0, T ] | f (t) = 0}, then, by (H2), meas(E0) = 0 and f (t) > 0
on [0, T ] \ E0.
Let Em = {t ∈ [0, T ] | f (t) 1/m}, m ∈ N, then [0, T ] \ E0 =⋃∞m=1 Em , meas(⋃∞m=1 Em) = T and limm→∞ meas(Em) = T .
Therefore, for any ε > 0, there exist a small number ε2 = ε2(ε) > 0 (which is independent of k) and a subset Eε ⊂⋃∞
m=1 Em ⊂ [0, T ] such that
T − ε meas(Eε) T , and f (t) 2ε2 on Eε.
Let Ekε =
⋃k−1
j=0(Eε + jT ), where Eε + jT = {t + jT | t ∈ Eε}, j = 0,1, . . . ,k − 1. Then
kT − kε meas(Ekε) kT ,
hence,
meas
([0,kT ] \ Ekε) kε. (18)
Furthermore, by the periodicity of F (t, x) in t , we get
f (t) 2ε2 on Ekε.
Again, by (H2), there exists a constant M1 = M1(ε) > 0 such that
F (t, x) ε2|x|p, ∀|x| M1 and t ∈ Ekε.
Therefore, for all x ∈ Rn and all t ∈ Ekε , we have
F (t, x) ε2|x|p − ε2Mp1 ,
which combining with (H1) implies that for all u ∈ W 1,pkT ,
kT∫
0
F (t,u)dt 
∫
Ek
F (t,u)dt  ε2
∫
Ek
|u|p dt − ε2Mp1kT  ε2
kT∫
0
|u|p dt − ε2Mp1kT − ε2
∫
[0,kT ]\Ek
|u|p dt. (19)ε ε ε
476 S. Ma, Y. Zhang / J. Math. Anal. Appl. 351 (2009) 469–479Let W¯ 1,pkT = span{ek}+Rn with ek = (sin(k−1ωt),0, . . . ,0) ∈ W˜ 1,pkT , here and in what follows, ω = 2πT . Since dim(W¯ 1,pT ) =
n+ 1, there exists a constant c0 > 0 such that( T∫
0
|u|p dt
)1/p
 c0
( T∫
0
|u|2 dt
)1/2
, ∀u ∈ W¯ 1,pT . (20)
Let Qk = {sek | 0  s  d1} ⊕ {x ∈ Rn | |x|  d2}, with d1  1 > ρk and d2 > 0 being speciﬁed below. Then, for x + sek ∈
Qk ⊂ W¯ 1,pkT , it follows from (18), (19) and (20) that
ϕk(x+ sek) = 1p
kT∫
0
∣∣se′k∣∣p dt −
kT∫
0
F (t, x+ sek)dt
 1
p
k−pωp|s|p
kT∫
0
∣∣cosk−1ωt∣∣p dt − ε2
kT∫
0
|x+ sek|p dt + ε2Mp1kT + ε2
∫
[0,kT ]\Ekε
|x+ sek|p dt
 1
p
k−p+1ωp |s|p
T∫
0
| cosωt|p dt − kε2
T∫
0
|x+ se1|p dt + ε2Mp1kT + 2pε2
∫
[0,kT ]\Ekε
(|x|p + |s|p)dt
 T
p
k−p+1ωp|s|p − kcp0ε2
( T∫
0
|x+ se1|2 dt
)p/2
+ ε2Mp1kT + 2pε2
(|x|p + |s|p)meas([0,kT ] \ Ekε)
 T
p
k−p+1ωp|s|p − kcp0ε2
( T∫
0
(|x|2 + |s|2|e1|2)dt
)p/2
+ ε2Mp1kT + 2pε2k
(
dp1 + dp2
)
ε
 T
p
k−p+1ωp|s|p − kcp0ε2
(
T |x|2 + T s2/2)p/2 + ε2Mp1kT + 2pε2k(dp1 + dp2)ε. (21)
If k 2
√
2ω
c0
√
T
( Tε2
)1/p , then we have
k−1ϕk(x+ sek) Tp k
−pωp|s|p − cp0ε2
(
T
2
)p/2
|s|p + ε2Mp1 T + 2pε2
(
dp1 + dp2
)
ε

(
Tk−pωp − cp0ε2
(
T
2
)p/2)
|s|p + ε2Mp1 T + 2pε2
(
dp1 + dp2
)
ε
−1
2
cp0ε2
(
T
2
)p/2
|s|p + ε2Mp1 T + 2pε2
(
dp1 + dp2
)
ε, (22)
and
k−1ϕk(x+ sek) Tk−pωp |s|p − cp0ε2T p/2|x|p + ε2Mp1 T + 2pε2
(
dp1 + dp2
)
ε
 1
2
cp0ε2T
p/2|s|p − cp0ε2T p/2|x|p + ε2Mp1 T + 2pε2
(
dp1 + dp2
)
ε. (23)
Without loss of generality, we assume ε <
cp0
2p+3 (
T
2 )
p/2 and M1 = M1(ε) c0(4T )−1/p
√
T
2 . Then
d := M1
c0
(4T )1/p
√
2
T
 1.
Put d1 = d2 = d. Then, for all x+ d1ek ∈ ∂Qk , it follows from (22) that
ε−12 k
−1ϕk(x+ d1ek)−12 c
p
0
(
T
2
)p/2
dp + Mp1 T + 2p+1dpε −
1
4
cp0
(
T
2
)p/2
dp + Mp1 T  0,
and for all x+ sek ∈ ∂Qk with |x| = d2, it follows from (23) that
ε−12 k
−1ϕk(x+ sek)−12 c
p
0 T
p/2dp + Mp1 T + 2p+1dpε −
1
4
cp0 T
p/2dp + Mp1 T  0.
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∫ kT
0 F (t, x)dt  0 for all x ∈Rn , we get
ϕk(x+ sek) 0, for all x+ sek ∈ ∂Qk.
Furthermore, for all x+ sek ∈ Qk , we have
ϕk(x+ sek) = 1p
kT∫
0
∣∣se′k∣∣p dt −
kT∫
0
F (t, x+ sek)dt
 1
p
k−pωp |s|p
kT∫
0
∣∣cosk−1ωt∣∣p dt
 T
p
k−p+1ωp|s|p
 T
p
ωp max
{
M1
c0
(4T )1/p
√
2
T
,1
}p
. (24)
Thus, for any positive integer k 2
√
2ω
c0
√
T
( Tε2
)1/p , ϕk has at least one critical point uk in W
1,p
kT and
ϕk(uk)
T
p
ωp max
{
M1
c0
(4T )1/p
√
2
T
,1
}p
. (25)
For k1  2
√
2ω
c0
√
T
( Tε2
)1/p , we obtain a k1T -periodic solution uk1 , we claim that there exists a positive integer k2 > k1 such
that ukk1 = uk1 for all kk1  k2. Otherwise, ϕkk1 (ukk1 ) = kϕk1 (uk1 ) → +∞ as k → ∞, which contradicts to (25). Repeating
this process, we can obtain a sequence {uk j } of distinct non-trivial periodic solutions of system (1). This completes the proof
of Theorem 1. 
Proof of Theorem 4. By Proposition 1.1 in [5], it follows that there is a constant c1 > 0 such that
‖u˜‖∞ := max
t∈[0,T ]
∣∣u˜(t)∣∣ c1‖u‖ (26)
and
T∫
0
|u˜|2 dt  T
2
4π2
T∫
0
|u′|2 dt, (27)
for every u ∈ H1T . Hence
‖u‖2 
(
1+ T
2
4π2
) T∫
0
|u′|2 dt, ∀u ∈ H˜1T . (28)
By (V2′), we can take constants ε3 > 0 and δ2 > 0 such that
F (t, x)
(
1
2
− ε3
)
ω2|x|2, ∀|x| δ2 and a.e. t ∈ [0, T ]. (29)
For u ∈ H˜1T with ‖u‖ 1c1 δ2, we have ‖u‖∞  δ2, and hence
ϕ(u) = 1
2
T∫
0
|u′|2 dt −
T∫
0
F (t,u)dt
 1
2
T∫
0
|u′|2 dt −
(
1
2
− ε3
)
ω2
T∫
0
|u|2 dt
 ε3
T∫
|u′|2 dt  ε3
(
1+ T
2
4π2
)−1
‖u‖2.0
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inf
u∈S ϕ(u) ε3
(
1+ T
2
4π2
)−1
ρ2 > 0.
This establishes (c1).
To prove (c2), by (V2′), we choose constants ε4 ∈ (0,1/2) and M2 > 0 such that
F (t, x)
(
1
2
+ ε4
)
ω2|x|2, ∀|x| M2 and a.e. t ∈ [0, T ]. (30)
Therefore, for all x ∈ Rn and a.e. t ∈ [0, T ],
F (t, x)
(
1
2
+ ε4
)
ω2|x|2 − ω2M22. (31)
Let H¯1T = span{e} ⊕Rn with e = (sin(ωt),0, . . . ,0) ∈ H˜1T . Then for x+ se ∈ H¯1T , we have
ϕ(x+ se) = 1
2
T∫
0
|se′|2 dt −
T∫
0
F (t, x+ se)dt
 1
2
ω2s2
T∫
0
cos2 ωt dt −
(
1
2
+ ε4
)
ω2
T∫
0
|x+ se|2 dt + ω2M22T
−ε4ω2s2
T∫
0
sin2 ωt dt − 1
2
ω2
T∫
0
|x|2 dt + ω2M22T
= −1
2
ε4ω
2T s2 − 1
2
ω2|x|2T + ω2M22T . (32)
Let Q = {se | 0 s d3} ⊕ {x ∈ Rn | |x| d4} with d3 > ρ and d4 > 0 being speciﬁed below. Then
∂Q = {x+ d3e ∣∣ |x| d4}∪ {x+ se ∣∣ |x| = d4, 0 s d3}∪ {x ∣∣ |x| d4}.
By (H1), we have
ϕ(x) = −
T∫
0
F (t, x)dt  0.
Therefore, it follows from (32) that
ϕ(x+ se) 0, for x+ se ∈ ∂Q ,
provided d3 
√
2
ε4
M2 and d4 
√
2M2. Moreover, by (32), we have supx+se∈Q ϕ(x+ se)ω2M22T . Thus we have proved (c2).
The Generalized Mountain Pass Lemma implies the existence of one non-trivial T -periodic solution of problem (2) and the
proof is complete. 
Example. Let p = 2, T = 2π and F (t, x) = κ f (x)(2+ sin t)arctan x2, where κ > 0 and f (x) will be speciﬁed below.
Let f (x) = x2 + ln(1 + x2). Noting that 0 ln(1 + x2) x2, we see that (H0), (H1) and (H3′) hold. It is also easy to see
that (H2) hold for all κ > 0, and (V2′) hold for κ > 1π . Furthermore, we have
(∇ f (x), x)− 2 f (x) = 2x2
1+ x2 − 2 ln
(
1+ x2)→ −∞
as |x| → +∞. Therefore, we have
(∇ F (t, x), x)− 2F (t, x) = κ 2x2
1+ x4 f (x)(2+ sin t) + κ
[(∇ f (x), x)− 2 f (x)](2+ sin t)arctan x2 → −∞
uniformly for all t ∈ [0,2π ] as |x| → +∞. Thus (H5′) and (H6′) hold. By virtue of Theorem 3, we conclude that problem (2)
has a sequence of distinct periodic solutions with period 2k jπ satisfying k j ∈ N and k j → ∞ as j → ∞. If κ > 1π , then by
Theorem 5, we conclude that problem (2) has at least one non-trivial 2π -periodic solution.
If f (x) = x2 − ln(1+ x2), then exact the same conclusions as above hold true by Theorems 2 and 4.
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Let A(t) = 2κ(2+ sin t) and F1(t, x) = κ{ f (x)arctan x2 − x2}(2+ sin t). Then problem (2) can be rewrite as
u′′(t) + A(t)u(t) + ∇ F1
(
t,u(t)
)= 0, a.e. t ∈ R.
It is easy to check that |∇ F1(t, x)| f1(t)|x|α + g1(t) for some f1, g1 ∈ L1(0,2π ;R) and all α > 1. But we have
lim|x|→∞
F1(t, x)
|x|2α = lim|x|→∞
κ
|x|2α
{(
x2 ± ln(1+ x2)) arctan x2 − x2}(2+ sin t) → 0,
for all α > 1. Therefore, the results in [11] cannot be applied. Similarly, we can ﬁnd that the results in [6,15,16] and other
known results in the literature cannot be applied too.
Acknowledgment
We would like to thank the referee for his/her valuable comments which have led to an improvement of the presentation of this paper.
References
[1] P. Bartolo, V. Benci, D. Fortunato, Abstract critical point theorems and applications to some problems with strong resonance at inﬁnity, Nonlinear Anal.
(TMA) 7 (1983) 241–273.
[2] G. Cerami, An existence criterion for the critical points on unbounded manifolds, Istit. Lombardo Accad. Sci. Lett. Rend. A 112 (1978) 332–336 (in Ital-
ian).
[3] G. Fei, On periodic solutions of superquadratic Hamiltonian systems, Electron. J. Differential Equations 08 (2002) 1–12.
[4] Q. Jiang, C.-L. Tang, Periodic and subharmonic solutions of a class of subquadratic second-order Hamiltonian systems, J. Math. Anal. Appl. 328 (2007)
380–389.
[5] J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian System, Appl. Math. Sci., vol. 74, Springer-Verlag, New York, 1989.
[6] D. Pasca, C.-L. Tang, Subharmonic solutions for nonautonomous sublinear second-order differential inclusions systems with p-Laplacian, Nonlinear
Anal. (2008), in press.
[7] P. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential Equations, CBMS Reg. Conf. Ser. Math., vol. 65, Amer. Math.
Soc., Providence, RI, 1986.
[8] P. Rabinowitz, Periodic solutions of Hamiltonian systems, Comm. Pure Appl. Math. 31 (1978) 157–184.
[9] P. Rabinowitz, On subharmonic solutions of Hamiltonian systems, Comm. Pure Appl. Math. 33 (1980) 609–633.
[10] C.-L. Tang, X.-P. Wu, Periodic solutions of second order systems with not uniformly coercive potential, J. Math. Anal. Appl. 259 (2001) 386–397.
[11] C.-L. Tang, X.-P. Wu, Periodic solutions for a class of nonautonomous subquadratic second order Hamiltonian systems, J. Math. Anal. Appl. 275 (2002)
870–882.
[12] C.-L. Tang, X.-P. Wu, Notes on periodic solutions of subquadratic second order systems, J. Math. Anal. Appl. 285 (2003) 8–16.
[13] Z.-L. Tao, C.-L. Tang, Periodic solutions of second-order Hamiltonian systems, J. Math. Anal. Appl. 293 (2004) 435–445.
[14] B. Xu, C.-L. Tang, Some existence results on periodic solutions of ordinary p-Laplacian systems, J. Math. Anal. Appl. 333 (2007) 1228–1236.
[15] W. Zou, Multiple solutions for second-order Hamiltonian systems via computation of the critical groups, Nonlinear Anal. 44 (2001) 975–989.
[16] W. Zou, S. Li, Inﬁnitely many solutions for Hamiltonian systems, J. Differential Equations 186 (2002) 141–164.
